Abstract. Let a, n ∈ Z + , with a < n and gcd(a, n) = 1. Let P a,n denote the lattice parallelogram spanned by (1, 0) and (a, n), that is,
Introduction and Notation
In this short paper we describe an ongoing project on visible points in empty lattice parallelograms. We start with some definitions and notation.
A lattice point (u 1 , u 2 ) ∈ Z 2 is said to be visible (from the origin) if that is, if you pick two integers at random, then there is just over a 60% chance that they are relatively prime.
In this paper we count the number of visible lattice points lying inside lattice parallelograms of a certain form. Specifically, lattice parallelograms that satisfy the following two conditions : (i) other than the four vertices, there are no other lattice points on the boundary of the parallelogram; (ii) one of the vertices is the origin. Such a parallelogram is of the form
where u, v ∈ Z 2 are two visible lattice points that are linearly independent. (Following [3] we call a lattice polygon a clean lattice polygon if the only lattice points on its boundary are the vertices.) Our initial goal was to determine the asymptotic estimates that arose in counting the number of visible points lying inside P . We elaborate on this goal in Section 2.1.
We will use P a,n to denote the clean parallelogram with vertices (0, 0), (1, 0), (a, n) and (a + 1, n), where 1 ≤ a < n and gcd(a, n) = 1.
For a lattice parallelogram, P (with one vertex at the origin) let V (P ) = # of visible lattice points in the interior of P.
In the special case when P = P a,n , we simply write V (a, n), instead of V (P a,n ).
A Reduction Result
We begin by showing that questions about visible lattice points inside a clean lattice parallelogram (with one vertex at the origin) can be reduced to studying the visible lattice points inside the appropriate P a,n . We also describe the minimum and maximum value of V (P ).
We prove our result via unimodular transformations. These are linear transformations T : R n → R n with the key property that they preserve lattice points, that is, T (Z n ) = Z n . Furthermore, unimodular transformations preserve visibility.
unimodular if it can be represented by a unimodular matrix.
Theorem 2. Let P be the clean lattice parallelogram spanned by the lattice points u, v with area(P ) = n. Then there is an unimodular
T (P ) = P a,n with 1 ≤ a < n and gcd(a, n) = 1.
Furthermore,
Geometrically, this means that (ii) All the lattice points in the interior of P are visible if and only if all of these lattice points lie on the diagonal
Proof. We begin by observing that there are precisely (n − 1) lattice points in the interior of P . This follows by combining Pick's theorem with the hypotheses that area(P ) = n and that the only lattice points on the boundary of P are the vertices.
Without loss of generality we may assume that the pair of lattice
there exist m 1 , m 2 ∈ Z such that
We now consider the unimodular matrix
This unimodular matrix maps P to the parallelogram
If (m 1 v 1 + m 2 v 2 ) does not satisfy this inequality, then we find
and act on the parallelogram P by the unimodular matrix
to obtain P a,n .
We now consider the special cases a = 1 and a = n − 1. All of the lattice points inside P 1,n lie on the diagonal y + x = n. All of these lattice points are visible. Turning to a = n − 1 we note that all of the lattice points inside P n−1,n lie on the diagonal y = x. Consequently the only visible point is (1, 1).
To complete the proof of the theorem we need to show the following two things. For 2 ≤ a ≤ n−2, P a,n contains: (a) at least one non-visible point; (b) at least two visible points.
The proof of item (a) is as follows. Since 2 ≤ a < n and gcd(a, n)=1, there is a positive integer l such that n/2 < la < n. The lattice point
is a non-visible lattice point in the interior of P a,n .
We turn to the proof of item (b). Since gcd(a+1, n) ≤ n/2, there is a lattice point s inside P a,n which does not lie on the diagonal y = x. We now consider the group G = (Z ⊕ Z)/(Ze 1 ⊕ Z(a, n)). Let S denote the coset of G that is represented by s. The lattice point representatives for the cosets S and −S lie on half-rays that are distinct from each other. Each of these half-rays contains a visible lattice point inside P a,n .
2.1. Motivation for studying this problem. Having proved Theorem 2, we are in a position to expand on the motivation underlying this paper. Unlike the square [−r, r] 2 , the parallelograms P a,n are long and thin. Thus, it seems plausible to infer that most values of V (a, n)/n should be quite different from 6/π 2 . What we will see is that this inference is false much of the time. That is, for most values of a, V (a, n)/n is close to 6/π 2 . However, when a is close to 1 or close to n the numerics for V (a, n)/n differ significantly from 6/π 2 . The reader may want to jump ahead to Section 5 titled Some Numerics to see some graphs
Then the parallelograms P a,n and
Proof. There exists k ∈ Z such that ab + kn = 1. The unimodular
maps P a,n to P b,n .
The above proposition shows that different values of a that are far apart can take on the same V -value. Let us elaborate. Consider the
A standard argument via Kloosterman sums shows that the points in S are uniformly distributed in the unit square (see [2] ). A consequence of this is that an element and its multiplicative inverse modulo n can be very far apart. These two elements of Z * n take on the same V -value.
4. Counting visible points in P a,n Theorem 4. The lattice points in the interior of P a,n are
with k = 1, . . . , n − 1. We note that
From Theorem 4 we get that the lattice points inside the parallelogram P n−a,n are of the form ( k(n − a)/n , k) for k = 1, . . . , n − 1.
Consequently ( k(n − a)/n , k) is visible if and only if
At this juncture we interject a pretty result that allows us to view the quantity gcd( k(n − a)/n , k) in a couple of different ways.
Proposition 5. Let a, n be positive integers with a < n and gcd(a, n) =
Furthermore if n is a prime p, then
Proof. We recall the identity 1 − x = −x when x ∈ Z. On setting
We now consider when n = p is prime. Let r = ka mod p. Then
and we infer that gcd (p ka/p , k) | gcd(r, k) and gcd(r, k)| gcd(p ka/p , k).
Consequently, gcd(r, k) = gcd(p ka/p , k). We conclude by observing that since gcd(p, k) = 1, gcd(p ka/p , k) = gcd( ka/p , k).
We now pose a general question.
Question 6. We have proved that V (1, n) = n − 1 and V (n − 1, n) = 1. We pose the vague question of what can we say about V (a, n) for
The next result gives specific examples of a where V (a, n)/n is "far" away from 0.6.
Theorem 7. Let n be odd. Then we have the following:
by Proposition 3. We now invoke (2). The lattice points in the interior of P 2,n are (1, 2) , . . . , (1, (n − 1)/2), (2, (n + 1)/2), . . . , (2, n − 1)} .
Thus the only non-visible lattice points inside P 2,n are of the form (2, k)
with k even and n/2 < k ≤ (n − 1). A simple counting argument then gives us (5).
Since n − 2 = ((n − 1)/2) −1 mod n, we have V ((n − 1)/2, n) = V (n − 2, n) by Proposition 3. By (2) the lattice points in the interior of P (n−1)/2,n are of the form
for k = 1, 2, . . . , n−1. Now, if k is odd, then (gcd((k +1)/2, k) = 1; and if k is even, then gcd(k/2, k) = 1 if and only if k = 2. By combining these observations we conclude that V ((n − 1)/2, n) = (n + 1)/2.
We remark that we can extend the above result for any fixed value of a. Our next result gives an expression for V (a, n)/n in terms of the Euler phi function and the Mobius function.
where ϕ is the Euler phi function and µ is the Mobius function.
Proof. We begin by writing V (a, n) has a sum of a terms and then apply an asymptotic formula for each of these terms. For s = 1, 2, 3, . . . , a, let l s denote the vertical line (in R 2 ) x = s. We have that
and consequently
where V (s, a, n) = # of visible lattice points in the intersection (P a,n ∩ l s ).
The inclusion of 2 in the LHS of (9) arises for the following reason.
The term V (1, a, n) counts the lattice point (1,0) and V (a, a, n) counts the lattice point (a, n). Both these lattice points are boundary lattice points of P a,n . Since V (a, n) only counts the visible points in the interior of P a,n , we need to make an adjustment.
From (2) we get
Let ϕ(x, N ) denote the Legendre totient function, that is, the number of positive integers ≤ x that are relatively prime to N . Then
A standard identity for the Euler phi function is
(See [1, Theorem 2.3] .) It is a simple matter to extend this identity to the following:
Thus,
We obtain (8) by substituting (12) into (11).
Corollary 9. If a = O(n 1− ) for some 0 < < 1, then
Proof. The secondary term in (8) is
We obtain our asymptotic by showing that the double sum is bounded above by a log(a). Now,
We now raise the question of the behavior of V (a, n)/n when n and a are roughly of the same size. We have made very little progress on this. We only have the following simple result.
Proposition 10. Let a, n ∈ Z + with 1 < a < n and gcd(a, n) = 1. We make the further assumptions that both a and n/a are even. Then
Proof. For s = 1, . . . a the length of the vertical line segment P a,n ∩ l s equals n/a. Since n/a ∈ Z we can infer that for s = 1, . . . , a,
For s = 1, . . . , a, we have the trivial inequalities
For the second inequality we are simply using the fact that the ycoordinate of every other lattice point on a vertical line x = s is even.
Using these inequalities we obtain
n a = 0.75a · n a .
Some Numerics
We have some numerical results for V (a, n)/n. For n ∈ Z + , let
The following graphs are the graphs of f 499 , f 500 , f 1000 and f 9973 . (499 and 9973 are primes.)
The graphs of f 499 and f 500 .
The graphs of f 1000 and f 9973 .
The above result supports the heuristic that one-fourth of the lattice points in the interior of P a,n have both even x and y co-ordinates. Thus the upper bound for V (a, n) should be at most 0.75n. Unfortunately, we do not have a heuristic for a lower bound. Our computational work suggests the following conjecture.
Conjecture 11. For a = 1, n − 1,
Further Speculative Remarks
The values of f n oscillate, but only slightly. One can arguably view it as Brownian motion with a negative drift. However, if one decides to view the graph of f n from a distance, then it can be described as consisting of 3 parts. Initially it resembles a sharply decreasing function for a √ n. The √ n follows by an application of the well-known eyeball metric. It then levels off around 6/π 2 and is "constant" for most avalues. Then when a n − √ n it again decreases sharply. (Here we once again invoke the eyeball metric.) There is some ambiguity among the authors about what the eyeball metric tells us. At least, one of us believes that the √ n term should be replaced by log(n).
In the middle of the graph we see a few outliers where f n is noticeably bigger or smaller than 6/π 2 . At present, we have identified two factors influencing these effects. However, our attempts to make this intuition rigorous have not matured and will be continued in future work.
Firstly, Proposition 3 shows that
mod n, n).
As such, a-values near the endpoints of [1, n] whose modular inverses are in the middle of [1, n] partially explain this outlying phenomena.
Alternatively, we can try to explain this phenomena by trying to get more precise estimates on the terms in Theorem 8. The graphs of f n indicate that we have not obtained sharp estimates for the error analysis in Corollary 9. Using straightforward estimates, we have the With more careful analysis we believe that it is possible to get more refined estimates on the error term. In particular, whenever a is sufficiently large and a/n is not too close to a rational number p/q with p n, some preliminary heuristics suggest that the error term In this conjecture, the irrationality measure serves as an attempt to capture the sufficient genericity condition between a and n, which quantitatively reflects that a/n is not too close to a sequence of rational numbers with small denominator. Intuitively speaking, this conjecture seeks to formalize the observation that for "most" pairs of a and n, we expect that V (a, n) n ≈ 6 π 2 . Another possible way to make this observation rigorous is to consider the function f n (a) and try to show that it converges (after renormalization) to 6/π 2 as n goes to infinity. We know that it does not converge pointwise, but it may converge in L p or some other norm.
